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1. Introduction 

Throughout this paper K is a field of characteristic zero, K its algebraic closure 
and Gal(iT) = Aut(K / K) the absolute Galois group of K. 

We write k for a field of characteristic zero and k(t) for the field of rational 
functions over k in independent variable t. 

If X is an abelian variety over K then we write End(X) for the ring of all its 
-ftT-endomorphisms and End°(X) for the corresponding Q-algebra End(X) ® Q; the 
notation lx stands for the identity automorphism of X . If m is a positive integer 
then we write X m for the kernel of multiplication by m in X(K). It is well-known 
12 that X m is a free Z/mZ-modulc of rank 2dim(X). If X is defined over K then 
X m is a Galois submodule in X(K). 

Definition 1.1. Suppose that K contains a field k and X is an abelian variety 
defined over K. We say that X is isotrivial over k if there exists an abelian variety 
Xq over k such that X and Xq are isomorphic over K. 

We say that X is completely non-isotrivial over k if for every abelian variety W 
over k there are no non-zero homomorphisms between X and W over K. 

Let f(x) £ K[x] be a polynomial of degree n > 3 with coefficients in K and 
without multiple roots, 91/ C J? the (ra-element) set of roots of / and K(%Kf) C 
K the splitting field of /. We write Gal(/) = Gal(f/K) for the Galois group 
Ga\(K(9if)/K) of /; it permutes roots of / and may be viewed as a certain per- 
mutation group of *H/, i.e., as as a subgroup of the group Perm(9fy) = S ra of 
permutation of (Gal(/) is transitive if and only if / is irreducible.) 

Suppose that p is a prime that does not divide n and a positive integer q = p r is 
a power of p then we write Cf yq for the superelliptic i^-curve y q = f(x) and J{Cf :q ) 
for its jacobian. Clearly, J(Cf^ q ) is an abelian variety that is defined over K and 

dim( J(C />9 )) = . 

In a series of papers [213 E01 EH1 ) |I3 E21 ESI EH] j the author discussed the structure 
of End (J(Cf tq )), assuming that n > 5 and Gal(/) is, at least, doubly transitive. 
In particular, he proved that if n > 5 and Gal(/) coincides either with full sym- 
metric group S„ or with alternating group A„ then End°( J(C/ i9 )) is (canonically) 
isomorphic to a product nl=i Q(CpO °f cyclotomic fields. (If q =p then we proved 
that End(J(C' /i g)) = Z[Q.) 

In this paper we discuss the remaining cases when n = 3 or 4 and Gal(/) is a 
doubly transitive subgroup of S n , i.e., the cases when 



n = 3, Gal(/) = S 3) dim(J(C/, 9 )) =q-l 
l 
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and 

n = 4, Gal(/) = S 4 or A 4 , dim( J(C f<g )) = 3(g ^ 1) . 

In those cases if q = p then we have 

lj ( c /tP ) e Q(Cp) c End°(J(C /)P )). 

If n = 3 this means that the (p — l)-dimensional abelian variety J(C/ jP ) admits 
multiplication by the field Q(Cp) of degree p — 1. One may prove (see Sect. EJ) that 
either J(C/ iP ) is an abelian variety of CM-type or End°( J(C/ iP )) = Q(Cp) (and 
even End(j\c ftP )) = Z[Q). 

If n = 4 this means that the 3(p — l)/2-dimensional abelian variety </(C/ iP ) 
admits multiplication by the field Q(C P ) of degree p — 1. One may prove (see 
Sect. |2Jl that either J(C/ iP ) contains an abelian subvariety of CM-type (of positive 
dimension) or End°( J(C f , p )) = Q(Q (and even End( J(C f , p )) = Z[C P ]). 

Theorem 1.2. Suppose that k is algebraically closed and K = k(t). Assume that 
(n, Gal(/)) enjoy one of the following two properties: 

• n = 3 and Gal(/) = S3. 

• n = 4, Gal(/) = S 4 or A 4 . 

Suppose that p is an odd prime that does not divide n. Then J(C/ jP ) is completely 
non-isotrivial and End( J(C/ jP )) = Z[C P ]. 

Theorem 1.3. Suppose that k is algebraically closed and K = k(t). Assume that 
(n, Gal(/)) enjoy one of the following two properties: 

• n = 3 and Gal(/) = S3. 

• n = 4, Gal(/) = S 4 or A 4 . 

Suppose that p is a prime that does not divide n. Let r be a positive integer and 
q — p r . If p is odd then J(C/ j(3 ) is completely non-isotrivial and End°( J(C'f^ q )) is 
(canonically) isomorphic to a product Yli=i Q(CpO °f cyclotomic fields. 

Theorem 1.4. Suppose that k is algebraically closed and K = k(t). Assume that 
n = 3 and Gal(/) = S3. 
Then: 

• End°( J(C/ j4 )) = Q x Mat2(Q(\/— !))■ In addition J(C/ i4 ) is isogenous to 
a product of the elliptic curve C/.2 : y? — f(x) and the square of the elliptic 
curve y 3 = x 3 — x. 

• Let r > 2 be an integer and q = 2 r . Then End°( J(C/ i<? )) is (canonically) 
isomorphic to a product Q x Mat2(Q(\/~ 1)) x J}[ =3 Q(CpO- ^ n addition, 
J(Cf t q) is isogenous to a product of a completely non-isotrivial abelian va- 
riety, the elliptic curve C/,2 : y 2 = f(x) and the square of the elliptic curve 

3 3 

In the case of arbitrary n > 3 and doubly transitive Gal(/) we have the following 
non-isotriviality assertion. 

Theorem 1.5. Suppose that k is algebraically closed, K — kit), a prime p does 
not divide n and Gal(/) acts doubly transitively onVif. Let r be a positive integer 
and q — p r . Let us assume additionally that (n,p) ^ (3, 2). 
Then J(C/ i9 ) is completely non-isotrivial. 
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The paper is organized as follows. In Section [3 we discuss elliptic curves, using 
elementary means. Section |3 contains auxiliary results concerning abelian varietis 
with big endomorphism helds. Section 0] deals with complex abelian varieties. 
In Section [3] we discuss in detail superelliptic curves and their jacobians. It also 
contains the proof of main results. 

I am grateful to J.-L. Colliot-Thelene and to the referee for helpful comments. 
My special thanks go to Dr. Boris Veytsman for his help with T£]Xnical problems. 

2. Elliptic curves 

We start with the case of n = 3 and an elliptic curve C/,2 : y 2 = f[x) where 
f(x) is a cubic polynomial without multiple roots. Then J((7f 2) = C/,2 is a one- 
dimensional abelian variety. If {ai, a2, a^} C K is the set of roots of f(x) then the 
group of points of order 2 on C/,2 is {oo, (ai,0), (a 2 , 0), (c*3, 0)}. Here oo e Cf^(K) 
is the zero of group law on C/^- 

Recall that the only doubly transitive subgroup of S3 is S3 itself. 

Examples 2.1. Let us put K = Q. 

(1) The polynomial f(x) = x 3 — x — 1 has Galois group S3. The corresponding 
elliptic curve C/,2 : y 2 — x 3 — x — 1 has non-integral j-invariant 1728 • ^ 
and therefore End(J(C/ j2 )) = Z. 

(2) The polynomial x 3 — 2 has Galois group S3. The elliptic curve y 2 = x 3 — 2 
admits an automorphism of multiplicative order 3 and End( J(Cf 2)) = 
Z[=l^]. 

Example 2.2. (See [01 Sect. 4].) Let p > 3 be a prime that is congruent to 3 
modulo 8, 

' ~ ' + X ~ P -, oc :=j(u) G C, K := Q(j(w)) C C. 
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Let us consider the cubic polynomial 

7 1 \ 3 27a 27a r ^ r . 

ti ri [x) :— x ; r£ ; r € as. 

pV y 4(a- 1728) 4(a- 1728) 1 J 

without multiple roots. Then the j-invariant of the elliptic curve Ch p ,2 '■ y 2 = h p {x) 
coincides with a and therefore the endomorphism ring of J{Ch p ,2) coincides with 

Z[ ~ 1+ 2^ ]- However, the Galois group of h p (x) over K is S3 Sect. 4, Lemma 
4.6]. 

Example 2.3. Suppose that K = C(t). The polynomial a; 3 — x — t has Galois 
group S3 . The elliptic curve y 2 = x 3 — x — t has transcendental j-invariant ^t^™ 
and therefore its endomorphism ring is Z. 

Lemma 2.4. Suppose that k is an algebraically closed field of characteristic zero 
and K D k. Let f{x) € K[x] be a cubic polynomial with Galois group S3. Then the 
j-invariant of the elliptic curve Cf t 2 does not lie in k, i.e., Ct^ is not isotrivial. 

Proof. Indeed, suppose that there exists an elliptic curve E over k such that E and 
C/.2 are isomorphic over K, i.e., C/ : 2 is a twist of E. Clearly, all AT- automorphisms 
of E are defined over k and Aut(E) is a cyclic group of order 2,4 or 6. It follows 
that the first Galois cohomology group H 1 {K,Kui{E)) coincides with the group of 
continuous homomorphisms of Gal(if) to Aut(-E). It follows that there is a cyclic 



4 



YURI G. ZARHIN 



extension L/K and an embedding c : Gal{L/K) Aut(-E) such that C/,2 is the 
L/K- twist of E attached to c. Notice that all torsion points of E are defined over k 
and therefore lie in E(K). This implies that the Galois action on the points of order 
2 of C/,2 factors through Gal(L/K ); in particular, the corresponding Galois image 
is commutative. Since S3 is non-commutative, we get a desired contradiction. □ 



Let X be an abelian variety of positive dimension over an algebraically closed 
field K of characteristic zero, let E be a number field and let i : E End (X) be 
an embedding such that = lx- It is well-known that [E : Q] divides 2dim(X) 
[Ellini; if 2dim(X) = [E : Q] then X is an abelian variety of CM-type. 

We write End°(X, i) for the centralizer of i(E) in End°(X); it is known [3^1 that 
End°(X,i) is a finite-dimensional semisimple E'-algebra. 

Theorem 3.1. If dim(X) = [E : Q] £/ien either X is an abelian variety of CM-type 
or End (X, i) = i(E) =E. 

If 2dim(X) = 3[E : Q] £/ien either X contains a non-zero abelian subvariety of 
CM-type or End°{X 7 i) = i(E) = E. 

Proof. Recall that if Z is an abelian variety of positive dimension d then every 
semisimple commutative Q-subalgebra of End°(Z) has Q-dimension < 2d. The 
algebra End (Z) contains a 2d-dimensional semisimple commutative Q-subalgebra 
if and only if Z is an abelian variety of CM-type. 
By theorem 3.1 of |37| . 



if the equality holds then X is an abelian variety of CM-type. If dime (End (X, i)) = 
1 then End°(X,i) = i(E) ^ E. 

So, in the course of the proof we may assume that either dim(X) = [E : Q] and 
1 < dim B (End°(X,i)) < 4 or 2dim(X) = 3[E : Q] and 1 < dim B (End°(X, ij) < 9. 

Now assume that dim(X) = [E : Q], Then dim s (End°(X, i))=2 or 3. Since 
every semisimple algebra of dimension 2 or 3 over a field is commutative, End°(X, i) 
is commutative and its Q-dimension is either 2[E : Q] = 2dim(X) or 



It follows that diniQEnd (X, i) = 2dim(X) and therefore X is an abelian variety 
of CM-type. This proves the first assertion of the Theorem. 

Now assume that 2dim(X) = 3[E : Q] and 1 < dim B (End (X, i)) < 9. So, 



If dim^ (End (X, i)) = 3 then End (X,i) is commutative and its Q-dimension is 
3[E : Q] = 2dim(X) and therefore X is an abelian variety of CM-type. 

So, further we assume that dini£(End°(X, i)) ^ 3. Clearly, there exists a positive 
integer a such that 



3. Abelian varieties 




3[E : Q] = 3dim(A) > 2dim(X). 



2 < dim E (End (X,i)) < 8. 



dim(X) = 3a, 2dim(A) = 6a, [E : Q] = 2a. 
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First, suppose that End (X, i) is not simple. Then X is isogenous to a product 
[} seS X s of abelian varieties X s provided with embeddings 

i s :E^End°{X s ), i s (l) = 1 Xb ; 

in addition, the i?-algebra End°(X s ) is simple for all s and the -E-algebras End°(X, i) 
and rises End°(X s ) are isomorphic j2H Remark 1.4]. It follows that 

6a = 2dim(X) = 2^dim(X,.) 

sGS 

and 2a = [E : Q] divides 2dim(X s ) for all s. We conclude that dim(X,,) =aor 2a. 
It follows that S is a either two-element set {s\, S2} with 

dim(X Sl ) = a, dim(X S2 ) = 2a 

or a three-element set {si, S2, S3} with 

dim(X Sl ) = dim(X S2 ) = dim(X S3 ) = a. 

In both cases 2dim(J s T, Sl ) = 2a = [E : Q] and therefore X Sl is an abelian variety of 
CM-type. 

So, further we may assume that End°(X, i) is a simple i?-algebra. 

If dims (End (X, i)) = 2 then End°(X, i) is commutative and therefore is a 
number field of degree 4a over Q. Since 4a does not divide 6a = 2dim(X), we get 
a contradiction. 

If di m£; (End (X,i)) > 3thendim B (End°(X,i)) > 2dim(X) and therefore End (X, i) 
is noncommutative. Since End°(X, i) is simple, dirng;(End (X, i) ) is not square-free. 
It follows that dim£(End (X, i)) is either 4 or 8 and therefore 

dim Q (End°(X,z)) = {E:Q\- dim B (End°(X, i)) 

is either 8a or 16a respectively. Since none of them divides 6a = 2dim(X), the 
simple E'-algebra End°(X, i) is not a division algebra. (Here we use that K has 
characteristic zero.) It follows that there exist an integer r > 1, a division algebra 
D over E and an isomorphism Mat r (D) = End°(X, i) of £?-algebras. It follows that 

r 2 dim B (D) = dim B (Mat r (L>)) = dime (End (-X", i)) 

is either 4 or 8. Clearly, there exist an abelian variety Y of dimension ^dim(X) = 
I a, an isogeny Y 2 — » X and an embedding 

l:D^> End°(F), = ly. 

It follows that ly G i(2?) C End°(y) and the degree 2a of the number field i(E) = E 
must divide 2dim(Y~) = 3a. In other words, 2a divides 3a. Contradiction. □ 

Remark 3.2. The case when E is a (product of) totally real field(s) with dimq(_B) = 
dim(X) was earlier discussed in pp. 557-558]. 

Remark 3.3. Suppose that X and Y are absolutely simple abelian varieties over 
K such that the Q-algebras End°(X) and End°(Y") are not isomorphic. Then 
X and Y are not isogenous and the absolute simplicity implies that there are 
no non-zero homomorphisms between X and Y. It follows that End°(X x Y) = 
End°(X) x End°(r). 
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Lemma 3.4. Suppose that k is a field of characteristic zero and K = k(t). Let X 
be an abelian variety over K , let B C be a finite set of closed points on the affine 
k-line and let f : X — > A.\ \ B be an abelian scheme, whose generic fiber coincides 
with X . For each a £ k \ B C k — A\{k) we write X a for the corresponding fiber 
that is an abelian variety over k. 

Suppose that there exists a non-zero abelian variety W over k such that there 
exists a non-zero homomorphism from W to X that is defined over K . Then for 
any pair of distinct points a\,a2 G k\B there exists a non-zero homomorphism 
between abelian varieties X ai and X a2 that is defined over k. 

Proof. Recall that one may view closed points of A\ as Galois orbits in k. Replacing 
k by k, K by k{t), X by X x fe ( t ) k(t), B by the union B of all Galois orbits from B 
and X — > A.\ \Bhy the fiber product X x aJ.\b A^ \ B ~~ * A\ \ B, we may and will 
assume that k is algebraically closed, i.e., k — k. We may assume that W is simple 
and a non-zero homomorphism W — > X is an embedding that is defined over K. 

Notice that both W and X are defined over K. In addition, all torsion points 
of "constant" W are defined over K (in fact, they are defined even over k). Let 
L = K(X%) be the field of definition of all points of order 3 on X; clearly, L 
is a finite Galois extension of K = k(t). It follows from results of [23 that all 
homomorphisms between W and X are defined over L. In particular, there is a 
closed embedding i : W <— > X that is defined over L. 

It follows from Neron-Ogg-Shafarevich criterion |2E] that L/k(t) is unramified 
outside oo and B. 

This means that if U is the normalization of Aj, \ B in L then the natural map 
7r : U — > A^ \ B is etale; clearly, it is a surjective map between the sets of fe-points. 
The field k(U) of rational functions on U coincides with L. 

Let Xjj — > U be the pullback of X with respect to 7r; it is an abelian scheme over 
U, whose generic fiber coincides with IxjfL. If u S U{k) and 

a = tt{u) e (Al \ B)(k) =k\B 

then the corresponding closed fiber X u of Xjj coincides with X s . 

Recall that X contains an abelian L-subvariety isomorphic to W. Let W be the 
schematic closure of W in Xjj p. 55]. It follows from Sect. 7.1, p. 175, 
Cor. 6] that W is a Neron model of W over U . On the other hand, since W is 
"constant", its Neron model over U is isomorphic to W x U. This implies that 
the group [/-schemes W and W x U are isomorphic. Since W X U is a closed 
[7-subscheme of Xjj, the corresponding closed fiber X u of Xjj contains an abelian 
subvariety isomorphic to W for all fc-point u € U(k). It follows that X s contains 
an abelian subvariety isomorphic to W for all a € k \ B. 

Now let ai,a2 be two distinct elements of k \ B. It follows from Poincare's 
complete reducibility theorem ^] Sect. 18, Th. 1 on p. 173] that there exists a 
surjective homomorphism X ai W. Now the composition 

x ai -» w x a2 

is a non-zero homomorphism between X ai and X a2 . □ 

4. Complex abelian varieties 

Let Z be a complex abelian variety of positive dimension and <Lz the center 
of the semisimple finite-dimensional Q-algebra End°(Z). We write fi 1 (Z) for the 
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space of differentials of the first kind on Z\ it is a dim(Z)-dimensional C-vector 
space. 

Let £ be a subfield of End°(Z) that contains lz- The degree [E : Q] divides 
2dim(Z). We write 

l : E C End°(Z) 

for the inclusion map and for the set of all field embeddings a : E C. The 
centralizer End (Z, l) is a semisimple i?-algebra. 
It is well-known that 

C CT := E® E . a C = C, E C =E® Q C= JJ E® E , a C= J[ C a . 

By functoriality, End°(Z) and therefore E act on and therefore provide 

&}(Z) with a natural structure of E ®q C-module p. 341]. Clearly, 

&(Z)= CM 1 (Z)=®aev E n 1 (Z) a 

where Cl 1 {Z) a := C a VL 1 {Z) = {x G Sl x (Z) \ ex = a(e)x Ve € £?}. Let us put 
n a = n a (Z,E) — dimc„^ 1 (^)<r = dimcfi 1 (Z) a . Let us put 

n a := dimcCn 1 ^)^ = dimc^ 1 ^) (1). 

Theorem 4.1. If E/Q is Galois, E D £.z a^rf £z 7^ i/ien i/iere exists a nontrivial 
automorphism n : E — > E such that n a — n aK for all a G He- 

Proof. See E2 Th. 2.3]. □ 

Theorem 4.2. Suppose that there exist a prime p, a positive integer r, the prime 
power q — p r and an integer n > 3 enjoying the following properties: 

(i) E = Q(Cj) C C where £ q G C is a primitive qth root of unity; 

(ii) n is not divisible by p, i.e. n and q are relatively prime: 

(iii) Let i < q be a positive integer that is not divisible by p and ui : E — 

Q(C?) °~ > C the embedding that sends £ g to . Then n ai - 

Then 

(a) IfEDdz then <t z = Q(C 9 ). 

(b) // 

/2dim(Z)\ 2 



dims (End (Z, t)) 
then n = 3,p = 2, q = A. 



\ [E : Q] J 



Proof. If n > 3 then (a) is proven in |371 Cor. 2.2 on p. 342]. So, in order to prove 
(a), let us assume that n — 3 and t z 7^ Q(Cj)- 

Clearly, {at} is the collection E of all embeddings Q(C g ) ^ C. By (iii), n ai = 
if and only if 1 < i < [|]. Suppose that 7^ Q(Cg)- It follows from Theorem 14. II 
that there exists a non-trivial field automorphism n : Q[£ 9 ] — > Q[Cj] such that for 
all a G £ we have n a = n aK . Clearly, there exists an integer m such that p does 
not divide m, 1 < m < q and k(Q) = £™. 

If i is an integer then we write i G Z/qZ for its residue modulo q. Clearly, 
n a = if and only if a = Oi with 1 < i < [|]. Since 3 and q are relatively prime, 
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[f] = It follows that n a% = if and only if 1 < i < Clearly, the map 



(th^jk permutes the set 

| 1 < i < 



,p does not divide i}. 



Since n(( q ) = £™ and (JiK,(Q) — ( q lm , it follows that if 



-{< 



eZ\l<i< 



< q, p does not divide i 



'} 



then the multiplication by m in (Z/qZ)* = Gal(Q(£ 9 )/Q) leaves invariant the set 
^4 := {i e Z/qZ | i e A}. Clearly, A contains 1 and therefore m — m ■ 1 e A. Since 
1 < m < q, 



m = m ■ 1 < 
Since m > 2, we conclude that 

q>7. 

Let us consider the arithmetic progression consisting of 2m integers 

1, 



(2). 



+ 2m 



with difference 1. All its elements lie between [^-jr-] + 1 and 



5-1 



+ 2m < 3 



< 3 iZi<g-l. 



Clearly, there exist exactly two elements of A say, mci and m,ci+m that are divisible 
by m. Clearly, c\ is a positive integer and either c\ or c\ + 1 is not divisible by p; 
we put c = ci in the former case and c = c\ + 1 in the latter case. However, c is 
not divisible by p and 



[9-1" 


< mc < 






3 




3 



2m<q-l 



(3). 



It follows that mc does not lie in A and therefore mc does not lie in A. This implies 
that c also does not lie in A and therefore c > [^p] • Using (3), we conclude that 



(m-l) 



and therefore 



< 



2m 
m — 1 



< 2m 



2 + 



If m > 2 then m > 3 and using (2), we conclude that 



3 < m < 



1 



< 2 + 



m — 1 



< 3 



and therefore 3 < 3, which is not true. Hence m = 2. Again using (2), we conclude 
that 



m < 



9-1 



< 2 + 



= 4 



m - 



and therefore [^ip-] = 2 or 3. It follows that q = 7 or 11. (Since m = 2 is prime 
to q, we have q ^ 8.) We conclude that either A = {!, 2} or A = {1, 2, 3}. In both 
cases 4 = 2 • 2 = m • 2 must lie in A Contradiction. This proves (a). 
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Proof of (b). It follows from Theorem 4.2 of [HSj that there exist a complex 
abelian variety W with 2dim(W / ) = ip(q) = (p — l)p r ~ 1 , an embedding 

e : E = Q(C,) End°(W), e(l) = l w , 

and an isogeny tp : W n ~ l — > Z that commutes with the action(s) of -E. Clearly -0 
induces an isomorphism of E <X>q C-modules 

0* : n 1 ^) = = n l {w) n - 1 

where n 1 (W) n ~ 1 is the direct sum of n — 1 copies of the ®q C-module 
This implies that if any 7 £ E is viewed as a C-linear operator in f2 1 (Z) then it 
has, at most, dim(VF) distinct eigenvalues and the multiplicity of each eigenvalue 
is divisible by n — 1. Applying this observation to 7 = £, we conclude that the set 

B := U G Z I 1 < i < q,(i,p) = 1, y > oj = ji € Z | ~ < i < o = p r , (i,p) = l| 

has, at most dim(W) elements. Clearly, dim(T / F) = (p — l)p r ~ 1 /2 is an integer; in 
particular, q = p r =/= 2. 
lip/n < (p- l)/2 then 

#(B) > <p{q)-?- = (p-iy^-P—l = L _ 1 _ P) p r-i > = dim(W) 

71 n V n/ 2 

and therefore #(-B) > dim(14 7 ), which is not the case. Hence 

p p- 1 

n 2 

This implies easily that n = 3 and therefore p =^ 3. It follows that p/3 > (p — l)/2, 
i.e. 1/2 > p/6 and therefore 3 > p. This implies that p = 2. Now if r > 3 then 
q = 2 r > 8 and 2 r /6 > 1. Then B contains all 2 r ~ 2 odd integers that lie between 
T- 1 and 2 r . In addition, 

2 r 2 r 

r- 1 = — > 1 

3 6 

and therefore an odd number 2 r_1 — 1 is greater than 2 r /3, i.e., 2 r_1 — 1 lies in B. 
This implies that #(B) > 2 r ~ 2 = (p(q)/2 = dim(W), which is not the case. □ 

Lemma 4.3. Suppose that 

p = 2, q = 4, E = Q(C*) = Q(V^T), n = 3. 
Assume i/iat i/i is an odd positive integer that is strictly less than 4 and o~i : E = 
Q(C-i) ^ C i/ie embedding that sends £ 9 to £~* then n ai = ^ . 
Then: 

(i) Z is isomorphic to a product of two mutually isogenous elliptic curves with 
complex multiplication by Q(^/— 1). 

(ii) Z is isogenous to the square of the elliptic curve y 2 — x 3 — x. 

(iii) End°(Z) ^ Mat 2 (Q(V^T)). 

Proof. Clearly, 

n ai = 0,n CT3 = 2,dim(Z) = dim(il 1 (Z)) = n ai + n a3 = 2. 

This means that E acts on the complex vector space fi 1 (Z)) as multiplications by 
scalars via 

a 3 :E^C. 
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Let us put := Ef] End(Z); clearly, it is an order in E. Let Lie(Z) be the tangent 
space to Z at the origin; one may view Q}(Z) as the complex vector space, which 
is dual to Lie(Z). In particular, E also acts on Lie(if) as multiplications by scalars 
via 03. Further, we identify E with its image in C via 03. Clearly, the natural map 

0(g> R^ C 

is an isomorphism of R- algebras. 

The exponential surjective holomorphic map 

exp : Lie(Z) -» Z(C) 

is a homomorphism of 0-modules. Recall that he kernel T of exp is a discrete lattice 
of rank 2dim(Z) = 4 in Lie(Z). Clearly, T is 0-stable and therefore may be viewed 
as an 0-module of rank 2. We have 

Z(C) := Ue(Z)/T. 

Clearly, the natural map 

r <g> R -> Lic(Z) 

is an isomorphism of real vector spaces. Since is the order in the quadratic field, 
it follows from a theorem of Z. Borcvich - D. Faddeev (see also [221 Satz 2.3]) 
that the 0-module T splits into a direct sum 

r = r 1 ®r 2 

of rank one 0-modules Ti and r 2 . Clearly 

Lic(z) = ri®Rer 2 ®R 

and both Tj (g) R are ® R — C-submodules in Lie(Z) (j — 1,2). It follows that 
the complex torus Z(C) := Lie(Z)/r is isomorphic to a product (Fi (g) R)/Fi x 
(r 2 ® R)/r 2 of one-dimensional complex tori (Fi ® R)/Fi and (r 2 (g> R)/r 2 with 
complex multiplication by 0. One has only to recall that every one-dimensional 
complex torus is an elliptic curve and two CM-elliptic curves with multiplication 
by the same imaginary quadratic field are isogenous. 

□ 

5. SUPERELLIPTIC JACOBIANS 

Throughout this Section p is a prime, r a positive integer and q = p r . We write 
V q {t) for the polynomial ]. + £+■•• + € Z[t] and & q (t) for the qth cyclotomic 
polynomial $ ? (*) = ^=0 e Z M 01 degree y>(g) = q - p r_1 . Notice that 

t«*,(l/i) -*,(*)=**- 1 (4)- 
Let ii" be a field of characteristic and /(x) S ^[a;] be a separable polynomial 
of degree n > 3. We write SH/ for the set of its roots and denote by K(D\f) C K the 
corresponding splitting field. As usual, the Galois group Gb1(K ffi-f) / K) is called 
the Galois group of / and denoted by Gal(/). Clearly, Gal(/) permutes elements 
of 9lf and the natural map of Gal(/) into the group Perm(9 c t/) of all permutations 
of 9\f is an embedding. We will identify Gal(J) with its image and consider it as a 
permutation group of Clearly, Gal(/) is transitive if and only if / is irreducible 
in If [at]. Further, we assume that p does not divide n and K contains a primitive 
gth root of unity £. 

We write (as in |^ §3]) Vf tP for the (n — l)-dimensional F p -vector space of 
functions {0 : JH/ — s- F p , J2 a ew. ■ = 0} provided with a natural faithful action 
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of the permutation group Gal(/) C Perm(9t/). It is the heart over the field F p of 
the group Gal(/) acting on the set 91/ [TT1EI1 

Remark 5.1. It is well-known |U] (see also [[H] EH1) that if Gal(/) acts doubly 
transitively on 91/ then the centralizer 

End Ga i(/)(Vf, P ) =P P . 

The surjection Gal(K) -» Gal(/) provides Vf tP with the natural structure of Gal(TT)- 
module. Clearly, if Gal(/) acts doubly transitively on 91/ then the centralizer 

Endc^^ (Vjp )P ) = F p . 

Let C = Cf A be the smooth projective model of the smooth affine TT-curve 
y q = f(x). So C is a smooth projective curve defined over K. and the rational 
function x € K{C) defines a finite cover tt : C — ► P 1 of degree q. Let B' C C(7?) 
be the set of ramification points. Clearly, the restriction of 7r to B' is an injective 
map B' P 1 (A"), whose image is the disjoint union of oo and 91/. We write 

6 = tt- 1 (%) = {(a,0) | a € 91/} CS'C C(K). 

Clearly, it is ramified at each point of B with ramification index q. The set B' is the 
disjoint union of B and a single point oo' := 7r _1 (oo). In addition, the ramification 
index of 7r at 7r _1 (oo) is also q. By Hurwitz's formula, the genus g = g{C) = g(Cf iq ) 
of Cis (q- l)(n- l)/2. 

Lemma 5.2. Let ms consider the plane triangle (Newton polygon) 

A„, g := {(/, i) | < j, < i, + m < nq} 

itre'tt t/ie vertices (0,0), (0,q) and (n, 0). Let L n ^ q be the set of integer points in the 
interior of A„ i5 . Then: 

(i) 7/ (j, i) € L„ )9 t/ien 

l<j<n-l; l<i<g-l; g(j ~ 1) + (? + 1) < «(« -*)■ 

(ii) T/ie genus g = {q — — coincides with the number of elements of 

(iii) 

:= x J - 1 dx/y q - % = x : >- 1 y l dx/y q = x J - 1 y % - 1 dx/y q - 1 
is a differential of the first kind on C for each (J, i) € L n ^ q . 

Proof, (i) is obvious. In order to prove (ii), notice that (g— l)(n— 1) is the number 
of interior integer points in the rectangular 

n„, g :={(£») |0<i<n,0<i<g}, 

whose diagonal that connects (0, 0) and (n, q) does not contain interior integer 
points, because n and q are relatively prime. In order to get the half of q— l)(n— 1), 
one should notice that the map (J, i) i— > (n — j, q — i) establishes a bijection between 
L„ j9 and the set of interior integer points of II„ q outside 7 n>9 . Let us prove (iii). 
Clearly, uijj has no poles outside B' . For each a £ 91/ the orders of zero of 
dx = d(x — a) and y at ir^ 1 (a, 0) are q — 1 and 1 respectively. Since (q — 1) — i > 0, 
the differential Wji has no pole at 7r _1 (a, 0). The orders of pole of x,dx,y at oo 
are q, q + l,n respectively. Since n(q — i) > q(j — 1) + (q + 1), the differential u>j t i 
has no pole at oo. This implies easily that the collection {wj,i}(j,i)£L n q is a basis 
in the space of differentials of the first kind on C. □ 
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There is a non-trivial birational ^-automorphism of C 

<5g : (x,y) i-» (x,(y)- 

Clearly, S 9 , is the identity map and the set of fixed points of 5 q coincides with £>'. Let 
us consider C^f,q) as curve over K and let r2 1 (C(^ i9 )) be the (g(C/ j9 )-dimensional) 
space of differentials of the first kind on C. By functoriality, 5 q induces on fi 1 (C(/ !g ) ) 
a certain -ftf-linear automorphism 6* : ri 1 (C(/ !g )) — > Q (C(y !g )). 

Lemma 5.3. (i) The collection {wj^ — x°~ dx/y q ~'' \ € L n .q\ is an 

eigenbasis o/J7 1 (C(/ i<? )) with respect to 5*; an eigenvector ojji — x 3 ~ dx/y q ~ z 
corresponds to eigenvalue C ■ 
(ii) If a positive integer i satisfies i < q then is an eigenvalue of of 5* if 



and only if 



> 0. If this is the case then the multiplicity of eigenvalue 



q 

(iii) 1 is not an eigenvalue of 6* . 

(iv) P q (S*) = S;*- 1 + ■■ ■ + S* q + 1 = m End i? (0 1 (C / , g) )). 

(v) If q — p r then is an eigenvalue of 5* for each integer i with p r —p r ~ 1 < 
i < p r — 1 = q — 1. 

(vi) If H(t) is a polynomial with rational coefficients such that T~l(S*) — in 
End /? (f7 1 (C /i ,)) then H(t) is divisible by V q {t) m Q[t]. 

Proof. The assertion (i) follows easily from Lemma 15. 21 This implies (iii), which, 
in turn, implies (iv). The assertion (i) implies that if 1 < i < q then is an 
eigenvalue of 5* if and only if the corresponding (to q — i) horizontal line contains 
an interior integer point; if this is the case then the multiplicity coincides with the 

number of interior points on this line. Clearly, this number of points is ™ . In 

order to prove (v), recall that n > 3. This implies that 

ni>3(p r -p r - 1 )=3^q>lq>q 
P 2 



and therefore ^ > 1 > 0, which proves (v), in light of (ii). In order to prove (vi), 

it suffices to notice that, thanks to (v), we know that among the eigenvalues of 5* 
there is a primitive gth root of unity. □ 

Remark 5.4. In order to describe C explicitly, we use a construction from |281 pp. 
3358-3359] (see also [H Ch. 3a, Sect.l]). Let us put f(x) = x n f(l/x) € K[x] and 
pick positive integers a, b with bn — aq = 1. (Such a, b do exist, since n and q are 
relatively prime.) Let us consider the birational transformation 

x = y = pr*"; s = x ~ n y q = * - * a y- b - 

If fo 7^ is the leading coefficient of f(x) then 

W 1 :y« = f(x) = f IIC*-") 

becomes 

W 2 : s = f(s b ti) = / JJ (1 - ash*)). 

a£iR 
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There are no points with s = (and therefore for every a € 91/ there are no points 
with as b t q = 1). When s ^ 0,( ^ 0, we are on the original affine piece Wi of 
the curve given in terms of x and y. (When t = 0we get the point oo' = (/ , 0).) 
The automorphism S q sends (s,i) to (s,(~ b t)- If wc g mc together the affine curves 
Wi and W 2 , identifying {x ^ 0,y ^ 0} and {s ^ 0,t ^ 0} via the birational 
transformation above, then we get a smooth K-cwcve C . The finite maps of affine 
-RT-curves 

x : Wi -> A 1 , s b t q : W 2 -> A 1 \ {a" 1 | a G <K/,a ^ 0} 

are gluing together to a finite map C — > P 1 , since P 1 coincides with the union of 
the images of the open embeddings 

A 1 ^ P\ (h> (i : 1), A 1 \ {a" 1 | a € 9t/, a ^ 0} ^ P 1 ,^ (1 : i). 

It follows that C is proper over K and therefore is projective (see also [7| Ch. Ill, 
Ex. 5.7]). This implies that C is biregularly isomorphic to C over K. 

Let J(C/, 9 ) = J(C) be the jacobian of C. It is a g-dimcnsional abelian variety 
defined over K and one may view (via Albanese functoriality) S q as an element of 
Aut(C) C Aut(J(C)) C End(J(C)) such that S q ^ Id but 5% = Id where Id is 
the identity endomorphism of J(C). We write Z[S q ] for the subring of End( J(C)) 
generated by 5 q . 

Remarks 5.5. (i) The point oo' E Cf iP (K) is one of <5 g -invariant points. The 
map 

r : C ft9 -> J(C f , q ), P - cl((P) - (oo')) 

is an embedding of smooth projective algebraic varieties and it is well- 
known [13 Sect. 2.9] that the induced map r* : fi 1 (J(C/ ! , z )) -> ^(Cf^) 
is an isomorphism obviously commuting with the actions of 8 q . (Here cl 
stands for the linear equivalence class.) This implies that n ai coincides with 
the dimension of the eigenspace of f2 1 (C(/. g )) attached to the eigenvalue (~ l 
of 6*. Applying Lemma IB~31 we conclude that if H(t) is a monic polynomial 
with integer coefficients such that H.(5 q ) — in End( J(C/ i9 )) then TC(t) is 
divisible by 'P q (t) in Q[f] and therefore in Z[t]. 
(ii) The automorphism 5 q : Cf^ p — > Cf >p induces, by Picard functoriality, 
the automorphism 8 q : J{Cf tq ) — > J(C/ jg ) that sends cl((F) — (oo')) to 
cl(5*((P) - (oo'))) = cl(((5 9 - 1 (F) - (oo')). This implies that 

V = V 1 e Aut(J(C /j9 )) c End(J(C /ia )). 

Remark 5.6. Clearly, the set S of eigenvalues A of 5* : fi 1 (J(C / , 9 )) -> J{C f . q )) 
with V q /p(X) 7^ consists of primitive qth roots of unity £ _l (1 < i < q, (i,p) = 1) 

with — > and the multiplicity of £~ l equals ^ , thanks to Remarks 15.51 and 
Lemma lo. 31 Let us consider the sum 

m= y 

l<i<g,(i,p)=l L 
of multiplicities of eigenvalues from S. Then 

M=(n-l)^ = ( "- 1)(p - 1)pr " 1 . 
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See [23 Remark 4.6 on p. 353] for the proof in which one has only to replace 
references to jS3 Remarks 4.5 and 4.4] by references to Remark l5.5f i) and Lemma 
15.31 respectively. 

Clearly, if the abelian (sub)variety Z := V q / p (S q )(J(Cf iq )) has dimension M 
then the data Y — J(Cf <q ),5 — 5 q ,P — V q / p (t) satisfy the conditions of Theorem 

3.10 of 

Lemma 5.7. Let D = X^PeB a p{P) be a divisor on C = C/ jP with degree and 
support in B. Then D is principal if and only if all the coefficients ap are divisible 
by q. 

Proof. See jS3 Lemma 4.7 on p. 354]. □ 

Lemma 5.8. 1 + 5 q + ■ ■ ■ + = in End( J((7/, g )). The subring Z[S q ] C 

End( J{Cf t q)) is isomorphic to the ring r L[t]/V q {t)'L[t]. The Q-subalgebra Q[<5 9 ] C 
End°(J(C/,g)) = End°(J(Cj\?)) is isomorphic to Q[t]/V q (t)Q[t] = ULi Q(C P 0- 

Proof. If q = p is a prime this assertion is proven in ^| p. 149], |21l p. 458]. 
(If n > 3 then the assertion is proven in |37|.) So, further we may assume that 
q > p. The group J(Cf tq ))(K) is generated by divisor classes of the form (P) — (oo) 
where P is a finite point on Cf tP . The divisor of the rational function x ~ x(P) is 
(*| -1 P) + • • • + (S q P) + (P) - q{oo). This implies that V q {5 q ) = G End(J(C M )). 
Applying Remark 15. 5f ii). we conclude that V q (t) is the minimal polynomial of 5 q 
in End(J(C/, 9 )). ' □ 

Let us define the abelian (sub)variety 

J iM) :=V q/p (5 q )(J(C Lq ))(lJ(C f , q ). 

Clearly, jV*) is a ^-invariant abelian subvariety defined over K. In addition, 
$,(*,)(jC/.9)) = o. 

Remark 5.9. If q = p then V q/p {t) = Vx(t) = 1 and therefore J U;p) = J(C ftP ). 

Remark 5.10. Since the polynomials <I> 9 and Vq/p are relatively prime, the homo- 
morphism V q / p (S q ) : J^' q ^ — > J^ ,q ^ has finite kernel and therefore is an isogeny. In 
particular, it is surjective. 

Lemma 5.11. dim(J^'^) = ^ ~ p 2 ^ n ~^ and there is an K-isogeny J(Cf tq ) — > 
J(Cf,q/p) x J^' qS> ■ In addition, the Galois modules Vf jP and 
(j(/, 9 ))<5, := { z e j(M(K) I = z} 

are isomorphic. 

Proof. Let us consider the curve Cf^ q / p : = f{x\) and a regular surjective 

map 7Ti : C/ i9 — > Cf q / p , x\ = x,y± — y p . Clearly, iriS q — 8 q / p iri. By Albanese 
functoriality, 7Ti induces a certain surjective homomorphism of jacobians J(Cf iQ ) -» 
J(Cf q / p ) which we continue to denote by m. Clearly, the equality i^\b q — 6 q / p iTi 
remains true in Hom(J(C/ jg ), J(Cf q / p )). By Lemma f5. 81 

V q / P {8 q / P ) = e End(J(C f>q/p )). 

It follows from Lemma f5 . 1 01 that 7ri(J^' 9 ^) = and therefore dim(J^' 9 )) does not 
exceed 

dim(J(C/, 9 )) - dim(J(C /)?/p )) = 
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(p r -l)(n-l) (j/- 1 - l)(n- 1) _ (p r -p 7 - 1 )^- 1) 
2 2 ~~ 2 ' 

By definition of J^' q \ for each divisor D = X)peB a ^(-P) the linear equivalence 
class of %p r - l D = T,peBP r ~ la p( p ) lics in {J U ' q) ) Sq C J^' q ^{K) C J(C f>q )(K). 
It follows from Lemma 15. 71 that the class of p r ~ 1 D is zero if and only if all p r ~ 1 ap 
are divisible by g = p r , i.e. all ap are divisible by p. This implies that the set of 
linear equivalence classes of p r ~ 1 D is a Galois submodule isomorphic to Vf tP . We 
want to prove that (j(/>«)) 5 s = V f . p . 

Recall that J^- q ^ is £) g -invariant and the restriction of S q to J^' 9 * 1 satisfies the 
qth cyclotomic polynomial. This allows us to define the homomorphism Z[( q ] — > 
End( J^- 9 ') that sends 1 to the identity map and ( q to S q . Let us put 

£ = Q(C g ),0 = Z[(,]cQ(( ? ) = £ 

It is well-known that is the ring of integers in E, the ideal A = (1 — £ q )Z[£ g ] = 
(1 — Cg)0 is maximal in with 0/A = F p and £g> Z p = Z p [Q] is the ring of 
integers in the field Q p (£<?)■ Notice also that ® Z p coincides with the completion 
0a of with respect to the A-adic topology and 0a/A0a = 0/A = F p . 
It follows from Lemma 3.3 of [37| that 

2dim(jW'-9)) _ 2dim(j(/'«)) 
~ [E : Q] ~ pr-pr- 1 

is a positive integer, the Z p -Tate module T p (J^> q >) is a free 0A-module of rank d. 
(See also ^0 Prop. 2.2.1 on p, 769].) Using the displayed formula (5) on p. 347 in 
|371 §3], we conclude that 

(Jtf.'))*. ={ue J(M(K) | (1 - 6 q )(u) = 0} = J{« = T p (jf>") ® 0X F p 

is a d-dimensional F p -vector space. Since (j(/'«)) l5 <! contains (n — l)-dimensional 
Fp-vector space V/ iP , we have c? > n — 1. This implies that 

2dim(J (/ <« ) ) = d(p r -p*- 1 ) > (n - l)(p r -p r_1 ) 

and therefore 

dim(^>) > ("-l)^-^ 1 ). 
But we have already seen that 

dim(J^)) < ("-^-P- 1 ). 

This implies that 

dim(J^) = ("-^-P- 1 ). 

It follows that d = n — 1 and therefore (j(f'i)) s q = V/ iP . Dimension arguments 
imply that J^ ,q ^ coincides with the identity component of ker(7Ti) and therefore 
there is a X-isogeny between J(C f , q ) and J{C f . q/p ) x jV< q h □ 

Corollary 5.12. There is a K -isogeny 

r r 

j(c f<q ) - j(c f , P ) x n^ /,p<) = n j(/ ' p,) - 

i=2 i=l 

Proof. Combine Corollary 15 . 1 If ii) and Remark 15 . 91 with easy induction on r. □ 
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Theorem 5.13. Suppose that n > 3 is an integer. Let p be a prime, r > 1 an 
integer and q = p r . Let f(x) € K[x] be a polynomial of degree n without multiple 
roots. Then the image of Z[<5 g ] — > End(J^' 9 ^) is isomorphic to Z[£ q ] and the 
Galois module (j(/>9))*« = j£ ^ is isomorphic to Vf tP . Lf Gal(/) acts doubly 
transitively ondKf then the centralizer 

End Galw (Jp 9) ) = F p . 

Proof. Clearly, is isomorphic to Z[£ g ]. Let us put A = (1 — £g)Z[C g ]- By Lemma 
ICTT iiil. the Galois module (J^))" 5 ? = j[ Lq) is isomorphic to Vf, p . The last 
assertion follows from Remark 15. II □ 

Remark 5.14. It follows from Theorem 15 . 131 that there is an embedding 

Z[C,] ^ End K (J (/ ' 9) ) C End(J (/ '« ) ), ( q ^8 q : J if ' q) -» J (/ ' 9) , 

which sends 1 to the identity automorphism of J^' 9 ' . This embedding extends by 
Q-linearity to the embedding 

Q(C ? )^End°(J (/,9) )- 
On the other hand, let us consider the induced linear operator 

8* : ftV (/ ' 9) ) -> 

It follows from Theorem 3.10 of [37j combined with Remark 15 .61 that its spectrum 
consists of primitive gth roots of unity (1 < i < q, the prime p does not divide 
i) with [ni/q] > and the multiplicity of (~ l equals [ni/q]. It follows that if 
o-i : E — Q(C 9 ) C is the field embedding that sends ( q to (~ l and 

n 1 (J (Lq) )a z ={x£ n^J^'*) I ex = CTi (e)x Ve G £} 

then 

dim^V^k) = 

Lemma 5.15. TTie abelian subvariety j((f,q)) C J{Cf_ q ) coincides with the iden- 
tity component of the kernel of 

%{8 q ) : J(C M ) - J(C /ig ). 

Proof. We know that J^' 9 ) C ker($ g (<J 9 )) := W. Let tti : J(C*j\ g ) -> J(C M/p ) be 
as in the proof of Lemma lo. Ill Clearly, J^' 9 ) is the identity component of ker(7Ti) 
and the image ni(W) C J(Cf^ q / p ) is killed by both & q {S q ) and V q / p (S q ). Since the 
polynomials $ g and "P g / P are relatively prime, n\(W) is killed by a non-zero integer 
(that is their resultant) and therefore is finite. It follows that W/ is also finite 
and therefore J^' q ^ is the identity component of W — ker($ g (<5 9 )). □ 

Remark 5.16. Recall fRemark !5.5|l that S' q = S^ 1 and 8 q is the identity automor- 
phism of J(Cf. q ). It follows from the displayed formula (4) at the beginning of this 
Section that $> q (8 q ) = & q (8' q ) in End( J(C/ j( j)). Applying Lemma 15.151 we conclude 
that j(f' qS> is the identity component of ker(<i> 9 (5 9 )). 

Theorem 5.17. Suppose that n = 3, q = 4. Then: 

(i) J^' 4 ) is isomorphic to a product of two mutually isogenous elliptic curves 
with complex multiplication by Q(v / — 1). 
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(ii) J^'^ is isogenous to the square of the elliptic curve y 2 — x 3 — x. 

(iii) End°(J (/ ' 4) ) = Mat a (Q(V=i))- 

Proof. The assertion follows readily from Lemma 14.31 combined with Remark 15. 141 

□ 

Theorem 5.18. Suppose that k is an algebraically closed field of characteristic 
zero, K = k(t) and (n,q) ^ (3,4). Suppose that Gal(/) acts doubly transitively on 

Then: 

(i) J^' q ^ is completely non-isotrivial. 

(ii) If n = 3 or 4 then End(J^' 9 ^) = Z[£ g ]. In particular, J^' q ^ is absolutely 
simple and End (jW>«)) = Q(C g ). 

Proof. Let us fix a primitive gth root of unity £ G k and consider the subfield kf C k 
that is obtained by adjoining to Q all coefficients of f(x) and We have 

f(x) C k f (t)[x] C k(t)[x] = K[x], kf(jt)(JR f ) C K(m f ) C K. 

Let ko be the algebraic closure of kf in kf(t)(9\f). Since a subfield of a finitely 
generated overfield is also finitely generated [213 Th. 4.3.6], fco is finitely generated 
over kf and therefore is a finite algebraic extension of kf (see [3 Chap. V, Sect. 14, 
no. 7, Cor. 1]). Clearly, fco(i)(5H/) = fc/(i)(9t/); in particular, fco is algebraically 
closed in fco(t)(9t/). Since fco lies in K = k(t) and is algebraic over kf C k, we have 
fco C fc. We have 

Q C fc/ C fc C fc, /(at) G k f {t)[x] C fc (*)M C k(t)[x]; 

in addition, fco(t)(£H/) is the splitting Geld of /(a;) over ko(t). Clearly, ko is finitely 
generated over Q and contains £■ 

Let fco be the algebraic closure of fco in fc. Since fc is algebraically closed, fco is 
also algebraically closed and therefore ko(t) is algebraically closed in k(t). Since the 
field extension k (t)(9\f)/k (t) is algebraic, k (t)(9Kf) and k(t) are linearly disjoint 
over ko(t). It follows that f(x) has the same Galois group Gal(/) over k{t) and 
fc (t). 

Since fco is algebraically closed in fc (i)(9l/), the fields fco(t)(9t/) and fco are 
linearly disjoint over fc . This implies that f(x) has the same Galois group over 
k (t) and fco(i). It follows that the Galois group of f(x) over k (t) coincides with 
Gal(/); in particular, it acts doubly transitively on 91/. 

Since fco is finitely generated over Q, it is a hilbertian field |231 pp. 129-130]. 
Let us put Kq = ko(t). An elementary substitution allows us to assume that 
f(x) =: F{t,x) € ko[t][x] = k [t,x\. (Indeed, if f(x) = G(x,t)/h(t) with G(x,t) G 
ko[t,x], h(t) G ko[t] then Cf >q is i^o-birationally isomorphic to the superelliptic 
curve w q = h(t) q ^ 1 G(x, t) where w = h(t) ■ y.) 

Using Remark 15.41 one may easily check that there exists a finite set B of closed 
points of the affine fco-line A\ q and a smooth proper A^ o \ B-curve c : C — > A^ o \ B 
that enjoy the following properties: 

• For all a G fc \ B the polynomial f a {x) := F(a, x) has no multiple roots; 

• The "affine part" of c : C — * A\ o \ B is defined by equation = F(x, t); 

• The generic fiber of c coincides with C/, 9 and for all a G fc \ B the corre- 
sponding closed fiber is Cf uA . In addition, the infinite points oo' give rise 



18 



YURI G. ZARHIN 



to a section 

oo' : Al \ B - C. 

• The map (x, y) i— > (x, £y) gives rise to a periodic automorphism 5 q : C — ► C 
of the A\ \ £>-scheme that coincides with S q on the generic fiber and all 
closed fibers of c; 

• 8 q acts as the identity map on the image of oo'. 

Taking the (relative) jacobian of c : C — > A^, n \ B 3 Ch. 9], we get an abelian 
scheme J — > K\ \ B, whose generic fiber coincides with J(Cf >q ) and for each 
a e fc \ B the corresponding closed fiber is J{Cf a ^ q ). 

Since fc is hilbertian and algebraically closed in ko(t)ffi.f), there exist two dis- 
tinct a,d 6 fco \ B such that both Gal(/ a ) and Gal(/<j) coincide with Gal(/) and 
the splitting fields of f a and fd are linearly disjoint over fc [23 Sect. 10.1]. In 
particular, both Gal(/ a ) and Gal(/d) are doubly transitive. It follows from Remark 
15. II that the Gal(fco)-modules Vf a and Vf d satisfy 

End Gal(fco) (y / J = F p , End Gal(fco) (y /d ) = F p (5). 

First, assume that q = p. It follows from Corollary 3.6 in [3S] applied to X = 
J{Cf a:P ),Y — J(Cf d _ p ),E = Q(C P ), A = (1 — ( p ) that either there are no non-zero 
fco-homomorphisms between J(Cf atP ) and J(Cf diP ) or the centralizer of Q(Cp) in 
End°( J{Cf a ,p)) has Q(C P )-dimension 



2dim( J(C faiP )) 



[Q(Cp) : Q] 

Combining Theorem l4 . 2r b) with Lemma l5.3l we conclude that all fco-homomorphisms 
between J(Cf aiP ) and J{Cf d ^ p ) are zero. Since fc is algebraically closed, all fc- 
homomorphisms between J(Cf atP ) and J{Cf d . p ) are also zero. 

It follows from Lemma [3.41 applied to X = J(C/. P ) = J^' p ) and X = J Xk k 
that J(C f f p ) is completely non-isotrivial. This proves (i) when q = p. 

Suppose that n = 3 or 4. Since every abelian variety of CM-type is defined 
over Q ^31, Theorem 13.11 combined with the complete non-isotriviality of J^ ,p ) 
imply that Q(Cp) coincides with its own centralizer in End°(J(C , /)P )). Then Q(C P ) 
contains the center of End°( J(C/ )P )). It follows from Theorem l4.2f a) that Q(Cp) is 
the center of End (J(C/ iP )). Then the centralizer of Q(Cp) coincides with the whole 
End°(J(C/, p )) and therefore Q(C P ) = End°( J(C/, P )). Since Z(( p ] C End(J((7/, p )) 
is the maximal order in Q(Cp), we conclude that Z[( p ] = End( J(C/. P )). This proves 
(ii) when q = p. 

Now, in order to do the case of arbitrary q, we need to construct an abelian 
scheme over A.\ \B, whose generic fiber coincides with J^' q ^ and for each a g ko\B 
the corresponding closed fiber is J^ a ' q K First, since is an abelian subvariety 

of J(Cf tQ ), it also has good reduction everywhere at A 1 \ B 3J Lemma 2 on p. 
182]. Let jU'ti be the schematic closure of J^-^ in J p. 55]. It follows from 
Sect. 7.1, p. 175, Cor. 6] that is a Neron model of over A^ o \ B. 

The automorphism S q : C — * C induces, by Picard functoriality the automor- 
phism of the abelian scheme J and we denote it by S' q : J — > J. Let H C J be 
the kernel of & q (d' q ); it is a closed group subscheme of J that is not necessarily 
an abelian subscheme. We write Hk for the generic fiber of H; it is a closed (not 
necessarily connected) algebraic if-subgroup of J(Cf tQ ). 
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By Remark EH J (Lq) C ker($ q (5' q )). This implies that C H K and 

therefore J^' q ^ C H. For all a £ fco \ B, the closed fiber H a of H coincides 
with ker(& q (5' q )) C J{Cf a ^ q ); this implies that H a C J(Cf ayq ) is a closed algebraic 
subgroup, whose identity component coincides with J^ a ' q \ On the other hand, the 
closed fiber J^' q \ of at a is an abelian subvariety in H Q and has the same 

dimension as J^' q \ i.e., the same dimension as J^ a ' q \ It follows that J^ ,q \ = 
j{fa,q) f j e ^ j{fa,q) coincides with the reduction of J^ ,q ^ at a. 

Now one may carry out the same arguments as in the case of q = p. Namely, 
pick two distinct a, d £ k \ B such that both Gal(/ a ) and Gal(/d) coincide with 
Gal(/) and the splitting fields of f a and fd are linearly disjoint over k . Using 
the displayed formula (5) and applying Corollary 3.6 of [3Bj to X — J^ a ' q \Y — 
jUd,q) j J5 _ Q(£ g ), A = (1 — Cg), we conclude that either there are no non-zero k$- 
homomorphisms between j(f a > qS > and J^ d ^ or the centralizer of Q(Cg) in End°( J^* 1 ?)) 
has Q(C 9 )-dimcnsion 

- 2dim(J^^)) \ 2 

[Q(Cr) :Q] 7 ( j ' 
Combining Theorem I4.2f bt with Remark 15.141 we conclude that there are no 
non-zero fco-homomorphisms between J^ a ^ and J^ d,q \ Again this implies that 
there are no non-zero fc-homomorphisms between j(/°> 9 ) and J^ d ^ . It follows from 
Lemma I3~l applied to X = and X = J^^ x ko k that jV'd is completely 

non-isotrivial. This proves (i) for arbitrary q. 

Suppose that n = 3 or 4. As above, Theorem 13. II combined with the complete 
non-isotriviality of J^' 9 -* imply that Q(Cj) coincides with its own centralizer in 
End°(J (M) )- Then Q(Q) contains the center of End°(J^'«)). It follows from 
Theorem that Q(Cg) is the center of End°( J^' q) ). Then the centralizer of 

Q(C g ) coincides with the whole End°(J (/,,z) ) and therefore Q(C g ) = End°(J (/ ' 9) )- 
Since Z[£ q ] C End(J^ ,g )) is the maximal order in Q(C<j), we conclude that Z(£ g ] = 
End(J^' 9 ^). This proves (ii) for arbitrary q. □ 

Proof of main results. Theorems 1 1 . 21 and 11.51 follow easily from Theorem 15.181 com- 
bined with Corollarv l5.12l Theorem 1 1 . 31 follows easily from Thcorem l5 . 1 81 combined 
with Corollary 15 . 1 21 and Remark 13.31 □ 

Proof of Theorem 11.41 It follows from Theorem 15 . 1 81 applied to (n,q) — (3,2) 
that the elliptic curve C/^ = J(C/,2) has transcendental j-invariant and therefore 
End°(J(C7, 2 )) = Q- (Alternatively, one may use Lemma 12.41 instead of Theorem 
15. 181 ) Combining this with Lemma 15.111 and Theorem 15.171 we obtain the first 
assertion of Theorem 1 1.41 The second assertion follows from the first one combined 
with Theorem 15. 181 Lemma f5. Ill and Remark 13.31 
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